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Abstract 

In this paper we propose an iterative approach for inferring 
a ground truth value of an item from judgments collected 
form online workers. The method is specifically designed 
for cases in which the collected labels are ordinal.  Our al-
gorithm works by iteratively solving a hard-assignment EM 
model and later calculating one final expected value after 
the convergence of the EM procedure. 

 Introduction   
We focus on the problem of inferring the ground truth 

when ordinal labels are collected from online judges (also 
known as Turkers). Traditionally, when the labels do not 
have an order, the EM model by Dawid and Skene (1979) is 
used for inferring the ground truth. When labels are ordinal, 
various ad-hoc methods like median, mean, or robust mean 
or median are used by practitioners. Our algorithm can be 
considered as an extension of the model by Smyth et al. 
(1995) for ordinal labels.   

Problem Statement   
We assume m items are classified into n different ordi-

nal categories by online judges. The number of judgments 
that we collect on each item can vary from item to item and 
is not fixed. Additionally, we assume that each item can be 
assigned to one and only one of the categories. However the 
true label of the item might be in between two labels. For 
example, in the case of measuring the relevance of a ma-
chine-generated caption to a document, the inputs might be 
on the scale of [“very good”, “good”, “neutral”, “bad”, 
“very bad”]. The final inferred ground truth by our algo-
rithm, instead of “good” or “very good” can be 
“0.7good+0.3very good” suggesting the actual latent label 
is closer to “good” than “very good”.  
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We assume for item i we collect a judgment from judge 
j and the judge indicates that the item is from category k. 
Denote Xik

(j) as the indicator function that captures this 
judgment and is defined as 1 if item i is classified as class k 
by judge j and 0 otherwise. Let’s consider another identity 
variable Tik that is 1 if ground truth value for i is closest to 
category k and 0 otherwise. So for each item i and class k 
we want to calculate . In which datai is the 
collection of judgments that we have collected for item i. 
After finding all the values of  by fixing i 
and varying k we perform our final round of inference by 
calculating the expected value of the label . 

I. CALCULATING THE POSTERIOR 
For calculating the values of  we can use 

the Bayes’ rule 

 

 is easy to find knowing that it is the joint prob-
ability of individual judgments that can be separated if we 
assume that judges are not influenced by each other. 
 

 

 
 is the judgment from judge j on item i. This is the 

bias for each judge and easy to calculate from historical da-
ta. Any implementation of a naïve Bayes’ model needs to 
use a Laplace smoothing to prevent divergence. Similarly, 

 can be broken into the following 
 

 

This is a conditional probability for each judge and can be 
found by conditioning on the ground truth. These are the 
elements of the confusion matrix. The MLE of P(Tik) is in 
fact done by counting. See Manning et al. (2008) for more. 

 is the number of judgments on i that are from label 
k over the total number of judgments on i regardless of k. 
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We need to add 1 to the numerator and add length(k) to the 
denominator for Laplace smoothing. 
 
  
 
 So at this point we can calculate the value of 

 for any i and k as below: 
 

 

 

From this point on we can remove the denominator and 
solve the following argmax on the log likelihood if we only 
had categorical labels without any order. 

 

 

II. CALCULATING THE EXPECTED VALUE 
The expected score is easy to calculate from the likelihood 

 

 

Algorithm 
We propose the following algorithm for the cases in which 
the collected labels are ordinal: 
 

Step 1.  Find an initial approximation of 
) by using mean, median, or mean 

and median after outlier removal 
Step 2.  Update P  
Step 3.  For every i find  
Step 4.  If any of Tik values changed, go to step 2 
Step 5.  Calculate  

 
 

Evaluation 
 
Here, we provide a preliminary evaluation of the model, 
but we are planning to run larger experiments in the near 
future. For this model we ran two small blind experiments. 
For the first experiment, we took 5000 documents, each of 
which with one machine-generated title. For each title, 5 
judges had provided relevance labels from the set of [“ex-
cellent”, “good”, “fair”, “poor”, “embarrassing”]. We ran 
both GLAD (Whitehill et al. 2009) and our algorithm on 
this set. Since GLAD only provides the most likely label, 
for a fair comparison we round the output of our algorithm 
to the closest label on the number line (assuming the dis-

tance between each two consecutive label is 1). We ran-
domly took 30 items for which our algorithm and GLAD 
disagreed. The results of the two algorithms were anony-
mized and sent to a summarization expert to evaluate 
which one is closer to the expert label. The outcome of this 
was 18 to 12 in favor of our algorithm. We also noted that 
GLAD sometimes comes up with labels that are very far 
from the collected judgments.  In an additional short exper-
iment we asked 3 experts to compare 18 pairs of search 
engine result pages for 18 different queries and label them 
as [“Left Much Better”, “Left Better”, “Right Better”, 
“Right Much Better”]. We later compared their results with 
the results of our algorithm, GLAD, and median. In 12 
cases (67%) our algorithm was the closest to the expert la-
bel, in 10 cases (55%) median was the closest model and in 
7 cases (38%) GLAD produced the closest label. 
 

Conclusion and Future Work 
 
This paper extends the previous work on aggregating cate-
gorical judgments to ordinal labels. Our algorithm does not 
require any parameter tuning and can serve as turnkey al-
gorithm for aggregating categorical and ordinal judgments. 
It works by iteratively solving a hard-assignment EM mod-
el which is reduced to solving a set of naïve Bayes’ steps. 
At the end we calculate the expected value of 

which can be looked at as a weighted 
mean of judgments where the weight of each judgment is 
represented by the reputation of the corresponding judge. 
This reputation is taken from the error rates (confusion ma-
trix) for each judge on each label. The next step for us is to 
compare this algorithm with mean, median and GLAD on a 
larger set of data and characterize their behavior based on 
the type of task, number of judgments on each item, and 
the number of allowable labels.  
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